A string Y is random according to Kolmogorov [lo] if, given its length, there is no stringy, sensibly shorter than .x, by means of which a universal partial recursive function could produce X. This remarkable definition has been validated in several ways (see [12,14,2,1 I]), including a topological one [13].
by X under concatenation is X* (h is the empty string). The length of a string .x=.xr.x2..._ Y, is I(x)= 17 (I(h)=O). The set X* is quasi-lexicographically ordered by h<u, <u2< .t. <u,,<a,a,< ... <u,u,,< ...; let I, be the nth string in this order. For recursion function theory and general notation see [2] . For all natural II 3 t 3 0, one has cardj.ugX*lI(x)=n, K(x~n)3n-t)3p"(l--p~')/(p--l)~O (see [3, 21) . Consequently, there exist random strings of every length and, moreover, from a quantitative point of view, most strings of fixed length are r-random (t 30); see [2] for other estimations.
Let < be a partial order on X* which is recursive, i.e. "U < c" is a binary recursive predicate. Denote by T(C) the topology generated by the family ( Uw)wEx*, U,= {x~X*l w <x).
Note that T( <) is a T,,-space (which is not T, in case it is not trivial). The closure operator in this space acts as follows:
A c X*, AHA={xEX*~.~<Z, for some ZEA). For every AcX* and weX* the following three statements are equivalent: (i) An U, = 8, (ii) An U,, = 0, (iii) ~'$2. A set A c X* is dense if A= X*. See [9] for more topological facts.
Results
In a topological space, a set A is rare if its closure contains no nonempty open set. So, a set A in T( < ) is rare if U,, $2, for every WEX *. A set A is recursioely rare if for every WEX* we can obtain, in a recursive way, a witness which certifies that U,,,$ 2, Remark. The family of recursively rare sets is closed under subset. Every recursively rare set is rare. is the order on X):
(1) w cP u iff v = wu, for some UEX* (prefix order), (2) w cS v iff u= uw, for some ucX* (suffix order), Example 2.5. If < is a partial recursive (unbounded) order on X * andf: X * +X* is a recursive bijection, then the partial order: x <r y iff f(x) <,f(y), is recursive (unbounded).
For instance, cS is obtained from cp using the mirror function mir: X*+X*, mir(h) = h, mir(x) = x, xeX, mir(xy)=mir(y) mir(x), xfzX*, yEX. Proof. Let ( cbnhI 2 ", 4": N : fV be an acceptable Godel numbering of the unary p.r.
Proposition 2.6. Assume that < is recursive and unbounded. A set A c X * is recursively rare ifthere exist a natural i and a recursive function f: N + N such that y(n) < y( f (n)), for every ncN and CJs( S,n,, n A = 0, ,for all strings with 1 (y(n)) > i.

Proof. Define the recursive function
functions. Define the set A = { v( t,,) 1 n 2 0)) where t, is defined only in case 4,,(n) # a and t,=min(jEFUIs(n)<Js(j), I(~(j))>/(s(n))+#,,(Fr)}. The set A is rare. Assume, by reductio ad ahsurdum, that U, c A, for some .YEX*. So, there exists ~20 such that s<y(t,,), s(n)<y(t,,), I(y(t,))>I(s(n))+#,(n).
Pick a string z with y(tn) < z and I(z) > /(y(r,,)). Clearly, ZEU,. We shall prove that z&A, a contradiction. 44'(rn)) = l(z).
Next we prove that A is not recursively rare. Again we proceed by reductio ad absurdum.
Suppose that, for all n>O, y(n)<y(r(n)) and An UYtr(,,)) =@ for some fixed recursive function r: N + N. Let ,f; g: KI + N be the recursive functions given by
and
for some ~20, then choose the least j>O, with s(n) < y(j) and I();( j)) > /(s(n))+ 4,,(n) = I(y(r(,f(n)))); one has y( j )=y(r( f ln))) ; so , . v(r( . f ' (~l ))kA . Finally, y = rbi, for some i&O; since 9 is total, one has g(i)= tii(i) # CXI, a contradiction. 0 
Next we show that for every dac, So, every set non-RAND, is "large" with respect to all topologies considered in Examples 2.4 and 2.5 (for unbounded <). Now we pass to the study of RAND,. A routine verification shows the validity of Lemma 2.13. 
Corollary 2.14. For every t 3 0, RAND, is recursively rare in T( cp), z( <,), T( -=+).
Proof. The first part comes from [13, Theorem 41; the second follows from Lemma 2.13 and Example 2.5. For the third let rs and rp be the recursive functions satisfying Definition 2.1(l) and 2.1(2) for RAND, in z( cp), T( cs), respectively; the recursive function r(n)=min (k>O) J,(rp(n))<,y(k) and y(rs(n))<,Ja(k)) will work for RAND, Proof. Given a string x we can find m and u' with the above properties. Accordingly, there exists YE A, with 1%' <J?. Since x < w, it follows that x < y, i.e. XE A. 0 Proof. It is known (see [2] ) that card{yEX*/I(y)=m, Proof. If IV<~U, then u'<,u (w=a or I(w)<I(v)) and w<hv. 0
Final comment. For every string x we can construct a context (u, u) such that uxu is t-random, whereas there exist strings y and z such that uy (respectively, zv) are not t-random, for all strings u and u.
